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Abstract 
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I. INTRODUCTION 


The purpose of this paper is to introduce the concept of equivalence among Wilson 
actions. We consider a generic real scalar theory in U-dimensional euclidean space, and 
denote the Fourier component of the scalar field with momentum p by (p{p). 

A Wilson action S'[0] is a real functional of (p{p). A momentum cutoff is incorporated so 
that the exponentiated action can be integrated with no ultraviolet divergences. |l| An 
example is given by 




( 1 ) 


where the cutoff function K{p) is a positive function of p^ that is 1 at = 0, and decreases 
toward 0 rapidly for 3> 1. The hrst term of the action can suppress the modes with 
momenta higher than A sufficiently that can be integrated over 0(p) of all momenta. 
The second term consists of local interaction terms. In the continuum approach adopted 
here, correlation functions are defined for 0(p) of all momenta, even those above A. 

A Wilson action is meant to describe low momentum (energy) physics accurately, but 
not physics at or above the cutoff scale. If two Wilson actions describe the same low energy 
physics, we regard them as equivalent. It is the purpose of this paper to provide a concrete 
dehnition of equivalence using the continuum approach. 

The paper is organized as follows. In sect. [TTlwe introduce modified correlation functions, 
and then define equivalence of Wilson actions as the equality of the modihed correlation 
functions. Basically, two Wilson actions are equivalent if their differences can be removed if 
we give them a massage at their respective cutoff scales. We derive two versions of explicit 
formulas that relate two equivalent Wilson actions. The concept of equivalence is applied in 
the rest of the paper. 

In sect. m we derive the exact renormalization group (ERG) transformation of Wilson 
|l| by considering a particular type of equivalence. We derive the ERG differential equation 
from our equivalence, which amounts to an integral solution to the differential equation. In 
sect. IIVI we discuss the relation between the original formulation of ERG transformation 
by Wilson and the formulation by J. Polchinski Q| which is more convenient for pertur¬ 
bation theory. In the previous literature only passing remarks have been given on this 
relation. 3]j4| Our short discussion of their relation is complete and hopefully illuminating. 
Sect. IVl prepares us for the discussion of universality in sect. I VII We generalize the dehnition 
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of equivalence so that the exact renormalization group transformation can have hxed points. 
In sect. lYD we assume a hxed point of the ERG transformation, and show that the critical 
exponents dehned at the hxed point are independent of the choice of cutoh functions. This 
is what we mean by universality. We conclude the paper in sect. IVIII 

Throughout the paper we work in D-dimensional euclidean momentum space. We use 
the following abbreviated notation 


II. EQUIVALENCE 


Given a Wilson action S'[0], we denote the correlation functions by 

(0(pi) • • • (f){Pn))s = J [d4>] 0(Pl) • • • 0(Pn) (3) 


We consider modifying the correlation functions for high momenta without touching them 
for small momenta. We dehne modihed correlation functions by 


i=l 


1 



f k{p) 1 5^ \ 

Jp 2 S(j){p)S(j){-p)) 


0(Pl)---0(Pn) 


S 


( 4 ) 


where K{p) and k{p) are non-negative functions of (We will call them cutoh functions.) 
As —?• 0, we must hnd 

K{p )—^ 1, k{p )—^0 (5) 


so that the correlation functions are not modihed at small momenta. In addition we constrain 
K{p) by 

K{p) 0 (6) 

In other words K (p) is small for p^ larger than the squared cutoh momentum of the Wilson 
action. The huctuations of 0(p) with p larger than the cutoh are suppressed, and we enhance 
their correlations by the large factor 1/A'(p) in (|1]). The exponential on the right-hand side 
of (jlD amounts to mixing a free scalar with the propagator —k{p)/p^ to the original scalar 
held (j). Since k{0) = 0, the free scalar has no dynamics of its own. 

For example, we may take 

K{p) = e~^ (7) 
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and 


P -p- 

^ip) = e^(l — 


( 8 ) 


where A is the momentum cutoff A of the Wilson action S. 
In particular, for n = 2 and n = 4, (0]) gives 




K{p, 


i) • • Xp4)))f’'' = n 




(0(pi)0(p2))s - + P 2 ) 

(Hpi) ■ ■ ■ 4>{Pi))s 

k{p3^ 


(9) 


(0(Pl)0(P2))s - 2 

P 3 


^{P3 + P 4 ) - {(P{P3)(P{P4))s + P 2 ) 


Pi 


+ — —5[pi + P2)—^5 [p3 + Pa) 
Pi 

+ (t-, u-channels) 


pI 


( 10 ) 


For small momenta, the modihed correlation functions (jl]) reduce to the ordinary correlation 
functions ([3]). 

Now, we would like to introduce the concept of equivalence among Wilson actions. Let 
us regard two Wilson actions Fi, S 2 as equivalent if, with an appropriate choice of Ki ^2 and 
ki^ 2 , their modified correlation functions become identical for any n and momenta: 


(^(Pl) ■ ■ -HPnnfP' = mn) ■ 


( 11 ) 


Since the functions Ki^ 2 , ^ 1,2 keep the low energy physics intact. Si and S 2 describe the same 
low energy physics. In the following we solve (ITTll to obtain an explicit relation between the 
two actions. 


We first rewrite flTT|) as 

f k2{p) 1 


^2 


exp 


n 


K2{Pi 


p 2 6 (j){p) 6 (j){-p) J 

ki{p) 1 


(p{pi) ■ ■ ■ (p{Pn) 

6^ \ 


exp — 


1=1 k<l{Pi. 

Since functional integration by parts gives 

Iff k{p) 1 5 '^ 


exp 


Ip 2 6 (j){p) 6 (j){-p) 
k{p) 1 


p 2 6 (j){p) 6 (j){-p) 

(j){pi) ■ ■ ■ (j){p 


/ S 2 

(j){pi) • • • (j){p„ 


Si 


exp - 


52 


J[d(j)](j){pi) ■ ■ ■ (j){pn) exp 


p 2 6 (j){p) 6 (j){-p)^ 
f k{p) 1 


0(Pl) 

52 


' (p{Pn) 


Ip 2 6 (j){p) 6 (j){-p)^ 


( 12 ) 


(13) 
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we obtain 


n • exp 


\i=l 




r k 2 {p) 1 
p 2 6(j){p)6(j){-p) J " 

ki{p) 1 


3‘S'2M 




Ip p2 2 6(j){p)6(j){-p)^ 


( 14 ) 


This implies that 

( f hip) 1 

exp — 


gS2[0] _ 


exp 


Jp p2 2 6(j)ip)6(j){-p) 

where the suffix “subst” denotes the substitution of 

Klip) 


r kijp) 1 6“^ 

p p2 2 6(j)ip)6(j)i-p) ^ 


.5i[ 


(15) 


subst 


K2ip) 


(pip) 


(16) 


for Pip) on the right-hand side. Hence, we obtain an intermediate result 


6^2 [0] ^ gxp 


r k 2 ip) 1 

Ip p2 2 6pip)6pi—p) 


exp — 


<52 


r kijp) 1_ 

Ip p2 2 6pip)6pi—p) ^ 




(17) 


subst 


We can rewrite this in two ways. First, noting that under the substitution flT6|) . we must 
substitute 

K2ip) 6 


hl{p)S<p{p) 


(18) 


for 


S(t>{p) 


, we obtain the first relation 






K2ipy 


6^ 


ip)J 2 6pip)6pi-p) 


exp S_ 


Ki 

K 2 j 


(19) 


Note that the two actions are the same for pip) with small p, since the function of p^ in the 
curly bracket above is negligible for small p^. In this sense the two actions differ only by 
local terms. 

Alternatively, we rewrite jrai as 

2 


gS'2[</>] _ 


exp 


I? hi 


Kijp) 

K2ip)^ 


hip) } I- 


2 6pip)6pi-p) 


.Si[ 


( 20 ) 


subst 


Using the gaussian formula 

1 52 

Ip 


exp {j Aip)i 


6pip)6pi-p) 

' r 1 


exp (^[0]) 


exp 


2Aip) 


iP'i-p) - Pi-p)) iP'ip) - Pip)) + S [p'] 


( 21 ) 
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(proven in Appendix |^, we obtain the second relation 



( 22 ) 


We have thus obtained two explicit formulas flT^ [22j) relating two equivalent Wilson 
actions. The remaining sections give applications of these formulas. In Appendix [B] we give 
corresponding results for a Dirac fermion held. 


III. EXACT RENORMALIZATION GROUP 


Let us apply the results of the previous section to derive the exact renormalization group 
transformation of K. G. Wilson, (sect. 11 of [l|) We choose 


A'.(P) = A' (5) ■ = Kf) 

A2(p) = a(s^). Up) = 


(23) 


so that the two sets of cutoff functions differ only by the choice of a momentum cutoff. We 
demand that the modihed correlation functions (jl]) be independent of the momentum cutoff: 




KT_,ki 


(24) 


Now, using the hrst formula flT^ . we obtain 


eS 2 [ 0 ] ^ gxp 




h P 


X exp Si 


' A(y) 

^<ii) 




1 

— 


52 


2 6(j){p)6(j){-p) 


aM. 

K (fe*) 




(25) 


By denoting Si as S'a and S 2 as S'as-p and taking t inhnitesimal, we obtain the exact 
renormalization group (ERG) differential equation 

■^(S) 


4'"'*' - 1 


(j){p)- 


_A(f) 4(p) 


sii) 


p 


pz 


•a-(£)HU-4Kx 




2 6(j){p)6(j){-p) 




(26) 
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where we define 

r 

A fG ^ A Aa ('P') 

. U; dA \AJ 

(27) 

This amounts to (11.8) of ref. 

ij. For the particular choice 



kip) = Kip) (1 - Kip)) 

(28) 

fl26|l gets simplified to 




d 


— A^r^e 


5a M _ 

jp 






+ 


^(*)i 


^2 


A:(f) H{p) 2 5(^(p)50(-p) 

This was introduced first by J. Polchinski. 

Alternatively, we can use the second formula fl22|) which gives 




(29) 



This is a well known integral solution of the ERG differential equation fl26|l . (This is discussed 
in details, for example, in js].) Though mathematically equivalent, our starting point fIMll of 
this section is easier to understand than the differential equation (|26ll or its integral solution 

m- 

Earlier in ref. |6| it was observed that renormalized correlation functions of QED can be 
constructed out of correlation functions of its Wilson action: the modified correlation func¬ 
tions (HI) coincide with renormalized correlation functions. Cutoff independent correlation 

n 

functions have been also discussed by O. J. Rosten.[7[ 


IV. POLCHINSKI VS. WILSON 

As a second application, we consider 

|ai(p) = k{i), kM = k{i) 

(aVp) = hjp) = (I) ^ A" (f ) (l - A" (£)) 

Note that /c 2 follows Polchinski’s convention fl28p . which is convenient for perturbative ap¬ 
plications. Given a solution Si of the ERG differential equation fl26D with Ki,ki, we wish 
to construct an equivalent S 2 that solves fl2^ with K 2 ,k 2 . 
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As has been shown in the previous section, the modihed correlation functions are inde¬ 
pendent of A, if the Wilson action satishes fl26|l . Hence, if Si and S 2 are equivalent at a 
particular A, they give the same modified correlation functions at any A. In the following 
let us choose A = 1, and demand Si and S 2 give the same modihed correlation functions. 
Using flT^ and denoting Si as S and S 2 as S', we obtain 

1 _^ 


= exp 




\K{p)J j 2 S(j){p)6(j){-p) 

A particularly simple result follows if we choose K' satisfying 

'K'{p)V 




\K ,11 

exp 

S 



(32) 


k'{p) = k{p) 


Kip) J 


This gives 


With this choice, we obtain 


K'ip) = 


Kip) 


S'\6] = S 


KipY + kip) 

K^ + k 


Kip) 


K 


(33) 

(34) 
(36) 


SO that the two equivalent actions are simply related by a linear change of held variables. 
For the particular choice of made in sec. 11 of |l| 


we obtain 


Kip) = e ^ , kip) = p‘^ 


K'ip) = 


1 -|- p^Q^P 


(36) 


(37) 


V. ERG FOR FIXED POINTS 

We now apply the results of sect. HIl to show the universality of critical exponents at 
a hxed point of the ERG transformation, by which we mean the independence of critical 
exponents on the choice of cutoh functions K, k. For the ERG transformation to have a 

ri 

hxed point, we must change the transformation given in sect. IIIII in two ways:[l| hrst by 
adopting a dimensionless notation, and second by introducing an anomalous dimension to 
the scalar held. (We elaborate more on these points in Appendix O) After these changes, 
the Wilson action St depends on t such that 

((.).(p.e^‘) ... = e4‘-“(-^+i) (.^(p,)... ,),(p„))5‘ (38) 
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for the same cutoff functions K{p), k{p) independent of t. This is the new form of equivalence 
between St and St+At- their modihed correlation functions are the same up to a scale 
transformation. On the right-hand side, —gives the canonical mass dimension of the 
held (pip) (since this is the Fourier transform, we obtain — D = and 7 is the 

anomalous dimension, taken for simplicity as a t-independent constant. 

Let us solve fl38D to obtain St+At in terms of St- Following the same line of arguments 
given in sect. m we obtain 


gSt+AtM 


exp 


kip) 1 6"^ 

2 6(pip)6(pi—p) 


exp 


where “subst” stands for the substitution of 


Jp p2 2 S^{p)S^(-p)) 


(39) 


for (pip). Since this substitution implies the substitution of 


^At(D-l^+^)Kipi 


,At\ 


Kip) 5cpipe^^) 


(40) 


(41) 


for 


(50(p) 


, we obtain 


g5t+At[0] = exp 


h r 


kip) — kipe 


-At\ _gAt -27 


^2 


'^(pe-Ai)2 


2 6(pip)6(pi-p) 




- subst 


(42) 


Taking At inhnitesimal, we obtain the ERG differential equation 




( A(p) + 2 \ ^ , d(pip) 

+ ^ -7 0(P)+Pp- 


\Kip) 


dPtj 


6(pip) 




,^(P) 


idkip) 


— I 2^Sf^kip) 2p^'A2^ - 2'ykip) ) ^ 




Jpp"^ \ Kip) 


dp"^ 


2 5(pip)5(pi-p) 


(43) 


For Polchinski’s choice 


kip) = Kip) (1 - Kip)) 


(44) 


this gets simplihed to 

dte^t[<P] ^ 


fAip) ^ D + 2 


7 0(p) +P/4 


which is given in 


[\Kip) 

+ / 4 {A(p)- 27 iF(p) (l-i^(p))} 

Jpp^ 

For Wilson’s choice 


d(pip) 

dp+ j 
1 


6(pip) 

52 


3‘S't [ 4 >] 


2 6(pip)6(pi-p) 


3‘S't[0] 


(45) 


Kip) = e kip) = p^ 


(46) 
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gives 


d^eStm ^ 




6(j){p) 
6 


3‘S't [0] 


+ ll-T + 2p^)U(p)^ + 


6^ 


.St[ 0 ] 


,p ^ 'V ¥(p) ¥(p)¥(-p), 

which reproduces (11.17) of [l| under the identihcation 

dp{t) 


(47) 


dt 


= 1-7 


(48) 


Now, the anomalous dimension 7 is chosen for the existence of a hxed point action S* 
that satishes 

( A(p) ,11 + 2 \ ^ , d(l>{p) 

+ ^ -7 0(p)+Pm- 


LV^(p) 


dp. 


Aip) 


,dk{p) 


2=^k{p) + - 27 fc(p) 


6(j){p) 

1 ^2 


Jpp'^ \ K{p) dp"^ ) 2 6(j){p)6(j){—p) 

At the hxed point, the correlation fnnctions obey the scaling law: 


= 0 


(49) 


4'{pte‘) ■ ■ ■ '(>(Pne‘)))(7 = e‘”( I4'{pi )' ■ ■ <P(P: 


K,k 

n)l s* 


(50) 


Only for specihc choices of 7 , has an acceptable solntion. For example, if we assnme 
S* to be qnadratic in 0, the solution becomes non-local nnless 7 = 0, —1, — 2 , • • •. We then 
obtain 




p 


,2(1-7) 


which gives 


2 Jp ZK{pY + fc(p)p2(-7) 




<t>{p)<t>{-p) 


(51) 


(52) 


where Z is an arbitrary positive constant. (This is discnssed in Appendix of [l|.) 


Q-) 


VI. UNIVERSALITY OF CRITICAL EXPONENTS 


We now discuss universality of critical exponents at an arbitrary hxed point S* of the ERG 
transformation, reviewed in the previous section. Universality within the ERG formalism 
has been shown in ref. j^; onr discnssion below has the merit of conciseness. (In Appendix 
m we derive those resnlts of relevant to the present paper.) 
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S* depends on K,k, but we know from sect. [TTl that for any choice of K, k there is an 
equivalent action that gives the same modihed correlation functions. flT^ gives the equivalent 
action S'* for K', k' as 


= exp 




K{pf 


5^ 


exp S 


K 


(53) 


K'{pY J 2 6(j){p)6(j){—p) 

Since the integrand of the exponent vanishes at = 0, S* and S'* differ by local terms. 
Since 

\K',k' _ 




(54) 


'Vyt'nJ n g 

the anomalous dimension 7 is independent of the choice of K, k 

Now, the anomalous dimension 7 is not the only critical exponent dehned at the fixec 
point S*. The other exponents appear as scale dimensions of local composite operators, [l 
A composite operator Oy{p) with momentum p is a functional of 0 satisfying 

((C>y(pe^)0(pie*) • • •0(Pne*)))^(^ = {Oy{p)(l){pi) • • •0(pn))) 

where the modihed correlation functions are dehned by 


\K,k 

^S* 


(55) 


(Oy{p)(l){pi) ■ ■ ■ (t){pn))s 

1 


K,k 




C>j/(p)exp 


k{p) 1 


(t){pi) ■ ■ ■ (t){Pr 


(56) 


Ip p2 2 6(j){p)5(j){-p) ^ 

and —y is the scale dimension of Oy. (The scale dimension of Oy{x) = fpe'^^Oy(p) in coordi¬ 
nate space is D — y.) For the equivalent hxed point action S'* with K', k', the corresponding 
composite operator has the same modihed correlation functions: 

K',k' 


{Oy{p)(t){pi) ■ ■ ■ (j){Pn)}s*'' = iOyip)(j)ipi) ■ ■ ■ (j){Pn) 


S'* 


This gives 0'y{p) as 
0 ;(p)e^'*['^' = exp 


3 k'{p) 


K{pf 


Ip p" 


K\py 


- Kp) o 


<52 


2 6(j){p)6(j){-p)^ 


0 .(p)e‘ 


- subst 


where “subst” implies substitution of 


A'(P) 

K'(p) 




(57) 


(58) 


(59) 


into 0(p). The scale dimension y is thus independent of the choice of K,k. We conclude 
that all the critical exponents are independent of K, k. 

Before closing this section, we would like to discuss two issues related to the hxed point 
action S*. 
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A. Ambiguity of the fixed point action 


Given K, k, and an appropriate choice of 7 , the fixed point solution S* of the ERG 
differential equation is still not unique. This is because normalization of the scalar field can 
be arbitrary. 

Given S*, we can construct satisfying 


h) • • • 0(Pn)))5*^ = ((0(Pl) • • • 0(Pny//5« 

To obtain S^, we set K 2 = \fZKi and k 2 = fci in flT^ . We then get 

= exp f- (Z - 1) / hfii__' 

k P" 2S4>(pm-p), 

For example, the Z-dependence of the gaussian fixed point (7 = 0) is given by 


K,k 


\ s* 

<(> 




Sg,z[4>] ~ ~2 I 


p 


Jp zK{py + k{p) 
Taking Z = 1 + 2e, where e is infinitesimal, we obtain 


<j>(p)<j>(-p) 


( 60 ) 


(61) 


( 62 ) 


sr+2,W - S’M = 1 V-|^| 


(63) 


where 


= - j U{p) 


6S* 


+ 


6S* 


+ 




k{p) ( 5S* 

6(j){p) ' \6(j){p) 6(j){-p) ' S(j){p)6(j){-p)^ 


(64) 


is a local composite operator satisfying 


[0]0(pi) ■ • • 0(pn)))S^ = n {<P{pi) ■ ■ ■ 0(Pn)))5'' 


(65) 


Obviously, Af*[(j)]., called an equation-of-motion operator in j^, has scale dimension 0 


B. Universal fixed point action? 

We have shown that the modified correlation functions are universal up to normalization 
of the scalar field. We now ask if there is a universal Wilson action that gives the 
universal modified correlation functions as its unmodified correlation functions: 

(0(pi) • • • (j){Pn))s* = ((</>(Pl) • • • 0(Pn)))s*^ (66) 

univ 
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This implies 


0'^univ i 


exp 


1 

2 


Hp) 


5^ 


.5*1 


'p S(j){p)S(j){-p) ^ 


- subst 


where S* is the hxed point action for K, fc, and “snbst” denotes snbstitntion of 


( 67 ) 


K (p)4'{p) 

for (j){p). The above resnlt is obtained from (fT^ by setting 

K 2 = 1 , k2 = 0 


( 68 ) 


( 69 ) 


We expect that the right-hand side is independent of K, k, i.e., has no cntoff. Bnt we 
know that the nse of a cntoff is essential for Wilson actions, and there mnst be something 
wrong with 

Let ns hrst consider the example of the ganssian hxed point given by 

^i K(p/+ 

This gives the modihed two-point fnnction 

fl67|l indeed gives an action free from a cntoff: 

5G,univ[(/>] = 

For interacting theories, thongh, we expect fl^7|) makes no sense. Let ns look at this a 
little more closely. As K 2 , ^ 2 , we choose 

K2{p) = K_t{p) = K{pe-^) 

k2{p) = k_t{p) = k{pe~*) 

In the limit t —)■ -|-cxo, we obtain flB^ : 

lim K_t{p) = 1, lim k_t{p) = 0 

t —^“|~00 t —^~|“00 

We then dehne S'*^ so that 

■ ■ ■ ■l>[Pn))%:‘*-‘ = WP,) ■ ■ ■ ^{PnM* ( 75 ) 


( 73 ) 


( 74 ) 


( 70 ) 

(71) 

( 72 ) 
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S'lj is related to S* by the ERG transformation of sect. IIIIl Since the momentum cutoff 
of S* is of order 1 (we are using the dimensionless convention), that of S'l^ is of order eh 


Hence, has the inhnite momentum cutoff. We then expect that the terms of to 
have divergent coefficients. 

Thus, there is no hxed point action that gives the correlation functions without 
modihcation. 

VII. CONCLUDING REMARKS 

We have introduced the concept of equivalence among Wilson actions. Our equivalence is 
physically more transparent than the other formulations of the exact renormalization group 
via differential equations or integral formulas. In particular we have applied our equivalence 
to obtain a simple proof of universality of critical exponents within the ERG formalism. 

Appendix A: Gaussian Formula 

In this appendix we prove the formula 



Though the following proof requires the positivity of A{p), we expect the formula to remain 
valid as long as both hand sides make sense. The left-hand side makes sense for any A{p), 
and the right-hand side makes sense even if A{p) < 0 for some p as long as convergence of 
functional integration is provided by the Wilson action S. 

It is easy to understand this formula in terms of Feynman graphs. The right-hand side 
implies the coupling of a scalar held 0' whose propagator is A{p). Gontracting the pairs of 
0', we obtain the left-hand side. More formally, we can prove the equality by comparing the 
generating functionals of both hand sides for arbitrary source J{p)- Let us hrst compute the 
generating functional of the left-hand side: 


qWl[J] ^ 
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Integrating this by parts, we obtain 




J [d(j)] exp [S'[0]] exp 


Ip 


exp 


J(-p)0(p) 


IJp 


5 [ 0 ] + J (^Ji-p)(l){p)+ ^Ji-p)A{p)J{p) 


exp 


We next compute the generating functional of the right-hand side: 


,Wu[J] ^ 


exp 


J{-P)<t>{p) 


Up 


X 


exp 


2 Jp A{p) 

We hrst shift 0' by —0, and then shift 0 by -1-0' to obtain 


0'(p)0'(-p) + 5[0 + 0'] 


.Wr[J] _ 


exp 


X exp 


Up 

1 


2 Jp A{p) 


J{-p) (0(p) +0'(p)) 

0(p)0(-p) + ^[0'] 


exp 


2A{p) 


0(p)0(-p) + J{-p)(i){p) 


X 


exp 


Ji-pWip) + s|^1 


If A{p) is positive, we can perform the gaussian integral over 0 to obtain 

■f 


= J exp - J J{-p)A{p)J{p) + J J{-p)(t)\p) + ^[0'] 


We thus obtain 


Wl[J] = Wr[J] 


for arbitrary J. This proves the gaussian formula flAll) . 
Finally, shifting 0' by —cj), we rewrite flAip as 


exp 

//Ws 

52 

S(j){p)6(j){-p) _ 

exp [^[0]] 

-J 

[d(j)'] exp 

Ip 2A{p) ^ ^ 


This is the form used in section mi 


(A3) 


(A4) 


(AS) 


(A6) 


(A7) 


(AS) 
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Appendix B: Equivalence of Fermionic Wilson Actions 


For a Dirac spinor field 'ip and its complex conjugate we define modified correlation 
functions by 




n 


K,k 

s ~L\K(Pi)KM 

V k{p) \ 


X ( Up.) ■ ■ ■ iiPn) exp I - 1 I ^(,„)... v.(,.) 


(Bl) 


so that 


^p{p)^p{q) 




1 




'S K{pf 

Two Wilson actions Si 2 are equivalent if Ki 2 and ki 2 exist so that 


(B2) 




The formula analogous to (l2^ is given by 


3^2 [^’^] = [[diP'd^P']exp 






(B4) 


The formula analogous to flT^ is somewhat more complicated to write down. Denoting 




(B6) 


we obtain 

gS 2 [V’,y] _ fjj. 


exp 


-el(p)^:j^|exp|Si 


Jp 6^p{p) 6^/J{-p) 


Ki . Ki - 

kS’kS. 


(B6) 


00 { \n 


n=0 i=l 

X 


SipbA-Pn) dpJb 


S ( \Ki Ki 


V 


V 


<5^ai(pi) (5^a„(Pn 


(B7) 


where the spinor indices are summed over. The exponential implies contraction of 'ip{p)'ip{q) 
by A{p)6{p + q). 
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Appendix C: Derivation of (|38|) 


In this appendix we provide more details behind the new form of equivalence fl38|) . Start¬ 
ing from the original equivalence fl24p . we obtain fl38p in two steps: first by rescaling dimen¬ 
sionful quantities, and second by introducing an anomalous dimension of the scalar held. 

1. Rescaling 

We hrst rewrite the equivalence (l24p by rescaling dimensionful quantities such as momenta 
and held variables. Note that Ki and K 2 diher only by a rescaling of momentum 


K2{pe-^) = K,{p ). 


(Cl) 


Likewise, we have 


^2(pe *) = ki{p). 


(C2) 


We wish to rewrite S 2 in such a way that its cutoh functions become Ki,ki. 
For this purpose, we introduce a rescaled held variable 


0(p) = e * 2 (l){pe *) 


(C3) 


so that 


6 , D-2 6 

- ^ O 


(C4) 


50(p) (50(pe *) 


We then dehne 


^ 2 [ 0 ] = S2[4>] . 


(C5) 


In other words 5*2 [0] is obtained from 52[0] by substituting e*°^^0(pe*) for (j){p). For example, 
given 



we obtain 





(C7) 
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We rewrite the left-hand side of fl2^ as 


i) • • • (( 0 (pie*) • • • 0 (Pne*) 


K2,k2 

S2 


,D+2 

= e' 2 


JJ- 


" 1 / ( rk2{p)l 5^ 


V ■^p 2 (50(p)50(-p) 

X 0 (pie*)--- 0 (p„e*))^^j^j . 


Using (1C2P and (lC4p . we obtain 

f k2{p) 5^ 


^ g-t(D- 2 ) 


k2{pe 




Jp 6(j){p)6(j){—p) Jp p"^ 6(j){pe~^)6(j){—pe~^) 

fkiip) 52 


Jp 50(p)50(-p) 


Hence, nsing flCip . we obtain 


,K2,k2 _ TT ^ f f ^l(p) ^ ^ 




■ ( exp - 


i=i^i(Pie*) \ \ Jp p^ 2 6(j){p)6(j){-p) 

X 0 (pie*)--- 0 (p„e*)' 


52 M 

Using flC5l) and rewriting integration variables 0 as cj), we obtain 

(( 0 (pi) • • • 0 (Pn))) 5 ’^' = (( 0 (pie*) • • • 0 (p„e*)))^^'’^' 

Thns, by rescaling, S 2 has been converted to S 2 with the cntoff fnnctions Ki,ki. 
We can now write (1231) as 


((0(Pie*) • • •(/•(Pne*)))-^'’ ' = ((0(pi) • • • ^(Pn)))?,'’^' 
Replacing t by At, we obtain 

((0(Pie^') • • ((0(pi) • ■ ■ (p{pn)}s'’^" 

By writing Si as St and §2 as St+At, we obtain fl38l) for 7 = 0 . 


(C 8 ) 


(C9) 


(CIO) 


(Cll) 


(C12) 


(C13) 


2. Anomalous dimension 

Given a Wilson action S')!;/)], we can constrnct an action Sz[4>] whose modihed correlation 
fnnctions differ only by normalization of the held: 


l)---HPn)}^j" = ZH{<P{pi)---<P{p^))^ 


K,k 


(C14) 
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To obtain Sz, we set K 2 = Ki and ^2 = in We then get 

k{p) 1 <52 


exp {Sz[(j)]) = exp I -{Z - ^) J 


exp 5 


Vz 


Ip p 2 2 6(j){p)6(j){-p)^ 

(We have nsed the same transformation for the hxed point action in sect. IVI Al ) 
Given § 2 , we constrnct S '2 snch that 


(CIS) 


((0(pi) • • • 0(Pn)))5’^' = ((0(pi) • • • 0(Pn)))£’^' (C16) 

where 7 is an arbitrary constant. Then, flClSp becomes 

mp,) ■ (C17) 

This gives (EH]), which dehnes the renormalization gronp transformation with an anomalons 
dimension. 

Note that we have introdnced an anomalous dimension 7 by hand. A particular 7 must 
be chosen for the new renormalization group transformation to have a hxed point. 


Appendix D: Relation to the results of Latorre and Morris 


In [Sj] Latorre and Morris have shown that the change of a cutoff function can be com¬ 
pensated by a change of held variables. We would like to explain briehy how their result 
can be reproduced from the results of the present paper. 

The relation between two equivalent actions Si (with Ki,ki) and S 2 (with K 2 ,k 2 ) has 
been given by flT^ . Choosing 


{ Ki = K, ki = k, 

\k 2 = K + 6K, k2 = k + 5k, 


(Dl) 


where 5K and 5k are inhnitesimal, we obtain from flT^ 

5 




Ip S(j)ip) L 


where 


9{p) = 


5K{p) 


(i){p) + 


6'(p) , 

2«(p)-Mp)^ ^ 


(D2) 


(D3) 


K{p) ' p^ 

In deriving flD2D . we have taken only the terms hrst order in 5K or 5k, and we have ignored 
a held independent constant. flD2p gives the change of the action under an inhnitesimal 
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change of 0(p) by 0{p). Upon the choice of the Polchinski convention k = K{1 — K), flD3j) 
reduces to 


e{p) = 

which reproduces (3.15) of js]. 


SK{p) ( 5Si 




2p2 yS(j){—p) K{p) 


(D4) 


In addition Latorre and Morris have shown that the ERG transformation is also a change 
of variables. Our ERG differential equation fH3|) can be rewritten as 




5 


where 


^t{p) = 


D + 2 


-7 + 


6(j){p) L 

A(p) ' 

K{p), 


d't(p) e 


St[<P] 


(D5) 


0(p) + Pm 


d(j){p) 

dPu 


1 / A{p) 


k{p) +p‘ 


•dk{p) 


- iKp) 


SS, 


(D 6 ) 


\K{p) dp^ j 6(j){—p) 

Thus, dtSt is the change of the action by an inhnitesimal change of (j){p) by "^tip)- Upon 
the choice k = K{1 — K), the above reduces to 


*.(?) = - 7 + Ah) 4>{p) + + h (1 a(p) - jK(p)(l - A'(p))) 


6S, 


6(j){-p) 

(D7) 


which reproduces (2.3) of [Sj if 7 = 0. 
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